Lehrstuhl A für Mathematik

Prof. Dr. H. Führ Dr. D. Meierling

Aachen, 24 November 2008

Calculus and Linear Algebra, Worksheet 7

to be discussed on Thursday, 27 December 2008

Exercise 1.

Let f : A → B and g : B → C be two mappings as given below. Determine the composition h = g ∘ f : A → C.

a) A = {1, 2, 3}, B = {1, 2}, C = {2, 3};

f (1) = f (2) = 1, f (3) = 2, g(1) = 2, g(2) = 3 b) A = Z, B = C = N;

f (z) = z^2 + 1, z ∈ A; g(n) = 2n + 1, n ∈ B

Exercise 2.

Which of the following mappings f : A → B are injective, surjective or bijective? If f is bijective, determine the inverse mapping f^{−1} : B → A.

a) A = B = {1, 2, 3}; f (1) = 3, f (2) = 1, f (3) = 2. b) A = {1, 2}, B = {1, 2, 3}; f (1) = 2, f (2) = 3. c) A = {1, 2, 3}, B = {2}; f (1) = f (2) = f (3) = 2. d) A = B = Q \ {0}; f (q) =^1_q for q ∈ A. e) A = B = R; f (x) = 2x + 3 for x ∈ A. f) A = R, B = {x ∈ R | x ⩾ 0}; f (x) = x^2 for x ∈ A.

Exercise 3.

Find the domain D( f ).

a) f (x) =

1 − x 1 + x b) f (x) = 5 | |x2 − 9 | | 6(x + 3) c) f (x) = x − 1 (2x + 1)^2 d) f (x) = x^3 − 1 x^2 − 1 e) f (x) = x^n − 1 x − 1 f) f (x) = x^2 + 3x − 10 (x − 2) √ 2x^2 − 4 g) f (x) =

(x + |x|) √ x^2 − 4x + 3 1 − x^2 h) f (x) =

4 − x^2 x(1 − |x − 1|)

Exercise 4.

Consider the following subsets G ⊆ R^2. For which sets G exists a mapping f such that G = G_f ? If possible, determine the domain and range of f . a) {(x, y) ∈ R^2 : x + y = 1} b) {(x, y) ∈ R^2 : |x| + |y| < 1, xy > 0} c) {(x, y) ∈ R^2 : x^2 + y^2 = 1} d) {(x, y) ∈ R^2 : x^2 − y^2 = 1}

Exercise 5.

Find the domain of the following functions:

a) f (x) = tan π 1 + x b) g(x) = √√ (x^3 + 7x^2 − 73x + 66) − 1 c) h(x) = x 2 sin(x) − 1 d) k(x) = √ cos(−x)

Exercise 6.

Let the function f be defined as below.

a) f (x) = 1 x−1 ; x > 2

x^2 − 7 2 ; −1 ⩽ x ⩽ 2 5 2x ; x < −1 b) f (x) = −x 1−x , x < 0

x, 0 < x < 1 x^2, x > 1

c) f (x) = { 2 − x^2 ; |x| ⩽ 2 −^4_{|x|} ; |x| > 2.

d) f (x) = { |x| ; x ⩽ 0 or x ⩾ 1 1 x ; 0 < x < 1 i) Calculate the domain of f ;

ii) Determine whether f is bounded from below or from above; iii) Determine the monotony intervals of f ; iv) Sketch f .

Exercise 7.

Are the following functions bounded from below or from above? Determine the monotony intervals and sketch f . a) f (x) =

1 − x 1 + x b) f (x) = x^2 − 1 x − 1 c) f (x) = x 1 + x d) f (x) = −|x − 1|

Exercise 8.

Find the domain D = D( f ) ⊆ R^n. a) f (x, y, z) = 1 √ x^2 + y^2 + z^2

, n = 3 b) f (x, y) = x^3 − 2x^2y^2 + 4xy^3 + y^4 + 10, n = 2

c) f (x, y) = x − y x + 2y

, n = 2 d) f (x, y) = x y 3 √ y^2 − x, n = 2