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Modular Forms for O(2,5) Introduction

History

» O(2,1): Elliptic modular forms.
It is well-known that the graded ring A(SL2(Z)) of elliptic modular
forms is a polynomial ring in the elliptic Eisenstein series g» and g3
(of weight 4 and 6).

» O(2,2): Hilbert modular forms.
» O(2,3): Siegel modular forms of degree 2.

J.-1. lgusa (1962): The graded ring A(Sp,(Z)) is a polynomial ring in
the Siegel Eisenstein series E4, Eg, E1g and Eqo.
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Modular Forms for O(2,5) Introduction

History (continued)

» O(2,4): Hermitian modular forms of degree 2.
E. Freitag (1967): The graded ring for Q(1/—1),
T. Dern (2001): The graded ring for Q(v/—3) and Q(+/—2) (with A.

Krieg).

» O(2,5): This is the case we will consider.

» O(2,6): Quaternionic modular forms of degree 2.
A. Krieg (2005)
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Modular Forms for O(2,5) Orthogonal Modular Forms

Symmetric Matrices and Quadratic Forms

» S: a symmetric, positive definite, even £ x £ matrix

0 0 1 0 0 1
> 50 =10 =S 0 s 51 =10 50 0
1 0 O 1 0 0

> (X7y)T = tXT_y and qT(X) = %(X’X)T — %tXTX — %T[X]
Abbreviations:
» () =1(,)s. a=gs,
> ( )0—( ) do = qsg»
> ()= ()5 @ = gs,.

> Mostly, S = A3 = or§ = Ag?’) =

[« )
_ N =
N = O
O O N
O NN O
N O O
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Modular Forms for O(2,5) Orthogonal Modular Forms
Lattices in Quadratic Spaces
> A =75 N = Z52, Ay = ZF* (lattices in (A® R, q), ...)

» Dual lattices:
No={pehr @R, (\p)T €Zforall \e A} = T IA7

» We have:
» NP =ST1ZE N =Z x N x Z, N = Z x Ny x Z,
> NN AL /A 2 AE /A,

> |AP/A| = detS.
> Gr Ao /Ay = Q/Z, p+ A qr(p) + Z

» S = As: A'/Ais represented by 4 vectors of norm 0, 2 x % %

> S = Aga): A®/N is represented by 8 vectors of norm 0, 3 x %, 3 x % %.
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Modular Forms for O(2,5) Orthogonal Modular Forms
Orthogonal Groups and the Half-Space

» O(T;R) ={M € Mat((;R); T[M]:= "MTM =T}
= {M € Mat((; R); g7(Mx) = q7(x) for all x € R}.

v

O(A) = {M € O(T;R); MA = A}

v

Ps = {v e R“*2; go(v) >0, vSpe > 0} where e = (1,0,...,0,1)

v

Half space: Hs = {w = u+ iv € C*2; v = Im(w) € Ps}

v

O(S51; R) acts on Hs U (—Hs):

(M, w) = —~go(w) + dw + ¢

M) = (M) (anl)b+Aw+e) (G0
v td S

v

O+(51;]R) {M € O(51;R); M(Hs) =Hs}
» s =0(A)N O+(51; R)
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Modular Forms for O(2,5) Orthogonal Modular Forms
Properties of the Orthogonal Modular Group

» [sis (in our case) generated by J, Ty, A € Ag, and Ra, A € O(N),

where
J(w) = —qo(w) ™" - (12, —2,71) (inversion),
Thx(w) =w+ A (translation),
RA<W> = (Tl,AZ7T2) (rotation).

» s acts on /\%//\1 by multiplication.
It permutes elements of /\’{//\1 of the same norm (modulo Z).

» Abelian characters of I 4, and FA(3
I_aAl; = (v, det) and rj‘tg) = (v2, VU, det),
1

where v, is the sign of the permutation of the elements of /\g//\l of
same norm and v, is an extension of the Siegel character.
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Modular Forms for O(2,5) Orthogonal Modular Forms

What is an Orthogonal Modular Form?

Definition

An (orthogonal) modular form of weight k € Z with respect to a
subgroup I of I's of finite index and an abelian character v : I — C* of
finite order is a holomorphic function f : Hs — C satifying

F(M(w)) = (M) j(M,w)* f(w) for all w € Hg and M € T.
We denote the vector space of all such functions by [I', k, v/].

First results:
> If —/ €T and v(—1) # (1)K then [, k,v] = {0}.

» If k <0 then [I', k,v] = {0}.
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Modular Forms for O(2,5) Orthogonal Modular Forms

Fourier Expansion

All modular forms f € [I', k, v] have a Fourier expansion of the form

fw)= 3 ar(u) emnin

peN,NPs

where h depends on I < I's and the character v.

If ar(pn) = 0 unless p € Ps then f is a cusp form, f € [, k, v]o.
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Modular Forms for O(2,5) Orthogonal Modular Forms

What is Our Goal?

Products of modular forms are again modular forms. Thus

A(Ts) =EPIs k1] and  A(Ts) = PIrs, k.11 = P [I's. k. v]

keZ keZ keZ ,,ergb

form graded rings.
Goal: Determine generators and algebraic structure of A('s) and A(I).

Due to —/ € T4, and vz(—/) = det(—/) = —1 we get a first result:
> If k is even then [[a,, k,vx] = [[ s, k, det] = {0}.
> If k is odd then [[a,, k,1] = [ a,, k, v det] = {0}.

We get similar results for S = Af’).
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Modular Forms for O(2,5) Vector-valued Modular Forms

Vector-valued Modular Forms

Definition
A holomorphic function f : H — C[A*/A] is a vector-valued modular

form of weight k € %Z with respect to pgs if
f(M7) = o(1)* ps(M,¢) f(r),  forall (M, ) € Mp,(Z)

and if f has a Fourier expansion of the form

f(r) = Z Z cu(n)q” ey

neNt /N neqs(pn)+7
n>ng

» no > 0: Holomorphic modular forms, [Mp5(Z), k, ps],
» ng < 0: Nearly holomorphic modular forms, [Mp,(Z), k, ps]oo-
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Modular Forms for O(2,5) Vector-valued Modular Forms

What to Know About Vector-valued Modular Forms

» Nearly holomorphic modular forms are uniquely determined by their

principal part
Z Z cu(n)q” ey

pENE/N nEqs(u)+Z
n<0

» Skoruppa: Formula for dimension of [Mp,(Z), k, ps] for k > 2.

» Examples:

» Eisenstein series (k € 37, k > 2)
1 _ _
Ex(r) = 5 Z o(1)7%% ps(M, @) e
(M,0)e(T)\ Mp,(2)

Bruinier, Kuss: Formula for Fourier coefficients of Ej.
» Theta series.
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Modular Forms for O(2,5)

Borcherds Theorem

Borcherds Products

Theorem

Let f € [Mpy(Z), —6/2,;)2]OO with Fourier coefficients c,(n), such that

co(0) € 27Z and c,(n) € Z whenever n < 0. Then there exists a Borcherds
product 1y - Hs — C with the following properties:

> 1y is a meromorphic modular form of weight k = cy(0)/2 with respect
to s and some abelian character x.

» The zeros and poles of 1y are explicitely known and depend only on
the principal part of f.

> )y Is given by the normally convergent product expansion

wk(w) — e27ri(gf,w)0 H (1 _ e27ri()\07w)0)C(O,/\o,O)(qO()\o)) .
XoeN)
Ao>0
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Modular Forms for O(2,5) Borcherds Products

Borcherds' Obstruction Condition

A necessary and sufficient condition for the existence of nearly holomorphic modular forms

Theorem
There exists a nearly holomorphic modular form f € [Mp,(Z), —¢/2, pﬁs]OO
with prescribed principal part

Z Z Cﬂ(n)qn e/h

ent /A, nE€E—qs(u)+Z
HENT /Ay n<0

if and only if

S amal-n=0

pend /Ay ne— czs(0 p)+7Z

for all holomorphic modular forms g € [Mp,(Z),2 + £/2, ps| with Fourier
expansion g(T) = 2., cnt /n, 2ancas(u)+2, n>0 2u(n)4" €.
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Modular Forms for O(2,5) Borcherds Products

Input for Borcherds Theorem in the Case S = A3

The obstruction space [Mp,(Z),7/2, pa,] is of dimension 1 and spanned by
Erjo(r) =1 e — 8 ¢*/® (e% + e_%) 18 g1/ e — 108 g e + O(q"/%).
Thus the condition for the principal part of f € [Mp,(Z), —3/2,pﬁA3]Oo is
— _3 _3 1 —
c0(0) =8 (c1(=3)+c 1(~3)) +18 c1(~3) + 108 co(~1) + -+

Possible principal parts are given by

q73/8 (e

el + 18 eO?
2

+e

)+16 .

1
3

B

g " e 1108 e
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Modular Forms for O(2,5)

Borcherds Products for I 4,

Borcherds Products

Theorem
There exist Borcherds products
g € [I'As, 8, 1]0, g € [I‘A3, 9, Uﬂ]o and g4 € [I'A3, 54 v, det]o.

The zeros of the products are all of first order and are given by
U MHa),  J M) and () MHs,),
MEI'A3 MEI'A3 MGrA3

respectively, where

Ha, = {(11,21,22,23,72) € Hay; 23 = 0} = H(2;Q(v/-3))
Haw ={(,21,22,23,72) € Hay; 22 = 0} = H(2, Q(v/~-1))

bl

)

HSz — {(T]_,Z]_,ZQ,Z3,T2) € HA3; Z] —|—Z3 — O} = H(Q,Q( \% _2))
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Modular Forms for O(2,5) The Graded Ring of Modular Forms

Tools for Proving the Main Result

Corollary
Let k € Z and n € {0,1}.
1. If k is odd and f € [[ a,, k,v™+1 det”], then f vanishes on H
f/ig € [[ay, k — 9,07 det”].
2. Iff € [[ay, k, vkt det], then f vanishes on Hs, and
f/isa € [T Ay, k — 54, VK].

2) and
AR

Theorem
(Dern 2001) The graded ring A(T a,) = @zl 4,2k, 1] is a polynomial
ring in

Ealrn,» Eolra,, Erolra,, Eizlwa, and ¢8|, -
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Modular Forms for O(2,5) The Graded Ring of Modular Forms

The Graded Ring of Modular Forms for I 4,

Theorem
a) The graded ring A(T a,) = @yczll 4.2k, 1] is a polynomial ring in

Ea, Es, s, FEio, Ein and 3.
b) The graded ring A(T"y,) = @yczlla,: k, 1] is generated by
Es, Ee, s, 9, Eio, Ei2 and s
and is isomorphic to
CXu, - X /(X7 = P4, -, X))

where p € (C[Xl, R ,X@] such that ’(/Jg4 = p(E4, Es, s, 99, Eqg, E12).
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Modular Forms for O(2,5) The Graded Ring of Modular Forms

Fields of Orthogonal Modular Functions for I 4,

Corollary

1. The field IC(T a,) of orthogonal modular functions with respect to I a,
and the trivial character is a rational function field in the generators

EZ2 s Eio Eip V3
=3 =k y =3 and =3
E; E2 EE E E;

2. The field IC(I"y,) of all orthogonal modular functions with respect to
[a, is an extension of degree 2 over K(T a,) generated by 154/ ¥8.
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Modular Forms for O(2,5) The Graded Ring of Modular Forms

Borcherds Products for I'A(g)

Theorem
There exist Borcherds products

V3 € [[4@),3,vovrdetlo,  ti1s € [I 43,18, vx]o, W30 € [I 43,30, v2]o.
1 1 1

The zeros of the products are all of first order and are given by

U M<HA(12)>, U M(H52> and U M<H3>,
Me FA(3) MEFA(3) MGFA(3)
1 1 1

respectively, where
Mo = (11,21, 22,23, 72) € H 9 23 =0} = H(2,Q(vV 1)),
Hs, ={(11,21,22,23,72) € M1 22 = 23} = H(2, Qv -2)),
}.
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Modular Forms for O(2,5) The Graded Ring of Modular Forms

Tools for Proving the Main Result

Corollary
Let S=A® keZandne{01}.
1. Ifk is odd and f € [[s, k, 1], then f vanishes on HA(lz) and
f/s eI, k—3,1].
2. Iff € [Ts, k, vkt detX], then f vanishes on Hs, and
f'/lﬂlg S [rs, —18 I/2Vk det ]
3. Iff € [T's, k,vk*1u7 det¥], then f vanishes on Hg and
f/s0 € [Fg,k 30, vku7 det].

Theorem
The graded ring A(T ,»)) = A(I'(2, Q(v/'—1))) is a polynomial ring in the
1
restrictions of functions ha, hg, hg, h1g, h12 € [I_A(3), k, 1] which are
1
invariant polynomials in the restrictions of five quaternionic theta series.
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Modular Forms for O(2,5) The Graded Ring of Modular Forms

The Graded Ring of Modular Forms for I'A(a)

Theorem
a) The graded ring A(T ,3)) = @zl 4,2k, 1] is a polynomial ring in
1 1

Ey, Es, V3, hg, Eip and Ep.

b) The graded ring .A(I_fq(l_,,)) = @kez[r'A?), k,1] is generated by

Y3, Ea, Es, hs, Ew, Ei2, 13 and 30
and is isomorphic to
ClX1,. .., Xal/(XF — p(X1,.... X6), X5 — q(X1,...,Xs))

where p,q € (C[Xl, ... ,X6] such that I,ZJ%S = p(ﬂ)3, Ey, Ee, hg, Eio, E12) and
1/}%0 - q(w37 E47 E67 h87 E107 E12)-
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Modular Forms for O(2,5) The Graded Ring of Modular Forms

Fields of Orthogonal Modular Functions for I'A(g)

Corollary

1. The field K(T ,)) of orthogonal modular functions with respect to
1

@ and the trivial character is a rational function field in five

gerlmrators.
2. The field K(I 4)) of all orthogonal modular functions with respect to
Al

[ (s is an extension of degree 4 over K(T ,3)).
1

/
3
Ay
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