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3 Notations S. Mayer

1. Introduction
e p prime, p=1 (mod 4), especially p € {5,13,17},

o L =Q(/p) with integers o :=7Z + tanv/l

2
Ai=A1—Ao/P A=A+ X/PEK, A, X2 €Q)
N(A) = AN = A7 — pA3 (norm)
SN =X+ (trace)
eg = min{z € 0™, x > 1} (fundamental unit)

Then o* = :I:e%.



(extended) Modular Group I () S. Mayer

= SL(2,0) operates on H? = {z € C; Im (2) > 0}2:
(CL’T]_ + b am + 5)
VT = 3

cr1 +d e +d
where v = (CCL 3) el and 7 = (71, m) € H2.

This motivates S(A7) := Ar; + A and
N(er 4+ d)F := (crq + d)F(em + d)F, (2% = exp(kin2))

=< J,T,Ty >, where w = 3(1 + ,/p) and

(0 1 (11 (1w
1= (9 orim (3 ) smam= (3 7).

[ = (0,) with reflection o : H? — H?, (11,7) — (72,71).



5 Hilbert Modular Form S. Mayer

Definition (Hilbert Modular Form). A Hilbert modular form
f (HMF) of weight k € Q with multiplier system (m.s.)) p: I —
C* is a holomorphic function H? — C satisfying

F(y1) = p(y) N(er + )F £(7) vreH?y=(2})er.
We denote the corresponding vector space by Mp(u) In case

f(or) = p(o) f(r) for all € H?, we call f an extended HMF
(f € M7 (), where we extend p to a map I — C*).

Remark. We obtain from Gundlach (1985):
feMp(w)\{0} = keNg and p=1,
feMB(u)\{0} = ke Ny, u(J) =u(T)> = pw(Tw)® =1,

fe M (w \ {0} = k € No/2, p?(T) = p(Tw)* = (=1)2% and
u(J) = u(T)3.

i is unique by the given conditions. If k € Z, then u is a
character.



6 Eisenstein Series S. Mayver

2. Eisenstein series and theta series

Definition (Eisenstein series). Let r € N and define the 2rth
Eisenstein series E», : H2 — C by

Exp(t):i= 3> N(er+d)y~=",
MEeT so\Ir
—(ab
w=(24)
0
where [ o denotes the subgroup <—E,T, Tw,D = (800 8_1)> of
0

[ fixing oo = (00, 0).

E»>, is an extended Hilbert modular form of weight 2r with
trivial multiplier system. (E5, € M5 (1)).



7 Theta Series S. Mayer

Definition (©-series). Define the Siegel halfspace

Ho :={Z =X +iY € Mx(C); Z =2,y > 0}.
For m = (m/,m") € {0,1}212 with (m/)¥m” € 2Z and all Z ¢
Ho define

Om(Z) 1= 3 el Hm! D B gbm 20 (g 2) )
gEZ?

There are exactly 10 such Theta series. Denote their product
by ©.



8 Modular Embedding (Hammond) S. Mayer

Theorem and Definition (Hammond). Write p = u? + v2
(for =1 (mod 4)) where v is even, u,v € Z and define w :=

s(u+ /p). Then
(2477)

#)

Remark. One easily checks that the images of theta products
are invariant under o.

()
e: H? — Hoy, T VP
(%

s (z577)

induces a map between modular forms.

S
S

Lemma (Hammond, 1966). There are three algebraicly in-
dependent HMFs, namely two Eisenstein series E4, Fg and a
theta product © oe.



9 M2 S. Mayer

Example. In case K = Q(v/17) Hermann (1981) introduces the
(extended) Hilbert modular form no of weight % with multiplier

system p17 (p17(J) = —i, p17(T) =i and p17(Tw) = 5™/4):

12 :—=011009001180000 + ¢11000001000001
+ 0100190110%0000 — 9100190100%0010
+ 010009010090011 — ¢1000%0110%0001

where 0, .= ©,, 0o €. Its restriction to the diagonal is given by
8n°, respectively ny(z,z) = 8n°(z) for all z € H.



10 Nearly Holomorphic Modular Forms S. Mayer

3. Borcherds products

e A;(p) : vector space of nearly hol. modular forms (mero-
morphic in cusps) H — C of weight k for the group

Mo(p) = {M — (g g) cSL(2,Z); c=0 (mod p)}

with character x, induced by the Legendre symbol (]—9)

e Define (where g = €2™7)

A (p) = { > a(n)g™ € Ag(p); a(n) =0 if xp(n) = —1}

nez

e Si.(p): subspace of cusp forms in A.(p).

o S,j'(p): subspace of cusp forms in A,;"(p).



11 Obstruction space S. Mayer

Definition. principal part of f = ¥, ang" € A (p): Yp<oang™.

Lemma (cp. Bruinier, Bundschuh (2003)). There is a mo-
dular form in AE)" (p) with prescribed principal part Y, .o a(n)q"
iff

Vn < 0, xp(n) = —1: a(n) =0 and
v Y b(m)g™ € ST (p) : 3" s(n)a(n)b(—n) =0
m>0 n<0

where s(n) = 2 if pln and s(n) = 1 otherwise.

Lemma (Hecke (1940)).Ifp=1 (mod 4), then
dim So(p) = 2 V?Q;ﬂ (=0 iffp < 17)

Remark. For p € {5,13,17} there is a basis
{fn=35(n)"1g™ +0(1) | xp(n) > 0} of AT (p).



12 Borcherds Products S. Mayer

Theorem (Borcherds, Bruinier (2003)).

For f =Y, cza(n)q" € A(—)I_(p) with s(n)a(n) € Z for all n < 0O
there is a meromorphic W : H2 — C, a Weyl chamber W C H?
and py € K, such that

W(r) = eQmLS(pWT) H <1 . eQWiS(,uT))S(pMﬁ)a(PMﬁ)
ME%O
(1, W)>0
for all T € W with Im (71)Im (15) > | min{n;a(n) # 0} |/p.

e T he Fourier expansion of W can be calculated.

e W js an extended Hilbert modular form for [, if a(n) > 0
for all n < O.

e Its divisor depends only on the principal part of f.
e [he weight of V and its multiplier system are known.



13 Notations S. Mayer

Definition. We define
e MP: Ring of extended HMFs.
o MP(1) =3 M.(1).
e p H-D:={reH? rn =mn}z—(z2).
o D, :={7r€ H=2: T = 5%72}.

We have M[(1) = C, M{(pn) = {0} for all p # 1 and M (n) = {0}
for all k < 0 and multiplier systems pu.



14 Ingredients for Reduction S. Mayer

Lemma. f € M,f(u) = f oy is an elliptic modular form of
weight 2k with character plgr2.7)- If f is a cusp form, then
foy is a cusp form.
Definition. For f : H? — C define

fE(r1,12) = 3(f (1, m2) £ f(72,71))
Remark. Then f = ft 4+ f— and f~ vanishes on D. If f is a

HMF with symmetric m.s. (i.e. w(M) = p(M), then f+ and
f~ are HMFs of same weight and multiplier system.

Remark. If u is symmetric, fT and f~ are extended HMFs
(fT(o7) = ft(r) and f—(o7) = —f—(7) for all T € H?).
Borcherds-Products:
f e A (p) — W | divisor
fi=q¢*t4+01) +— W | D | flp=0= Vy|f
fp = éq—p+0<1) — Wy | T -Deg | flp,, =0 = Wylf
i = s(n) g+ 0(1) — W




15 MS :C[X27X57X67X15]/R3O

S. Mayer

4. Generators and Relations for M3 M13and M7

Remark. MP s the ring of all HMFs with symmetric multiplier
systems p . T — C*:

MP = Yk e u (31 =p () Mk (1)

Theorem (Gundlach, Resnikoff, ...).
M?> = (C[XQ,X5,X6,X15]/R30, where

Xo=FLkp, Xsg=VW;, Xe=2~Fs Xi5=Wsand
67 42 67 4
Rap : \I12—<—E ——E3)( E3_E ) — Y2
30 25 %7 2572)\ 43200 (2 — Eo) 1(
f By | Wy |eg:=8LEs - 22E3 | Ws
fop g2 | O 95 A“g3
weight of f || 2 5 §) 15
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Proof of M°® = C[X>2, X5, X6, X15]/R30 S. Mayer

Proof by induction (weight k):
Mg3(1) =C, M>,(1) = {0} for all k > 0. In case Q(v/5): p=1.

0
Let f € M,?(l). Write D = <€0 _1).

k odd:

k even:

an

T = D(719,71) On D¢, N(eal) = -1

u=1 _
= f+|]D>€O = —f+|]D>60 = Ws|fT and Wq|f

f oy is an elliptic mod. form of weight 2k for SL(2,7)
= there is a polynomial q: f oy —q(g2,95) = 0.
= f—a(E2e5)lp =0 = Wil|f —q(E>, e6).

The relation immediately follows from the elliptic case. [



17 M3 = C[X1,X2,Y2, X7]/R14 (M.) S. Mayer

Theorem. M13 = C[w, $—‘1*, E>,Wq13]/R14, Where

4 Yo = Eo, X7 =Wqy3 and

Wy
2\|11

2633

2\I11

4985 1459 4
g VIVEE - WS +

&

'_l

N

I—‘l\)
/\

3
27
) > = —108Wi° W5 — 16\1/10]32

1

6 6 Uy )
\lf 1WoE> — 512V
2W,

97 1 Wy
+1—6w‘1‘E§ — T\U“WEQ SwfxugEg — 144W7 (zw

5
189
) E> + ?uﬂuﬁEQ
1

Vg
LTy el o
fow 0 n g2 | N g3
weight of f || 1 2 2 7
multiplier u || p13 | 13 | 1 M%3




18 Proof of M13 = <W1,$—‘1‘,E2,W13> S. Mayer

Proof:

u13(J) =1, p13(T) = -5 4+ 33, p13(Tw) = —5 — V3.

u is already determined by f o .

If k is odd, proceed as for Q(v/5) (f1(r) € —e2™Z/3 ¢+ (7)).
If k is even, there is a polynomial ¢ satisfying f oo = q(n%, ¢5).

= Wql(f — Q(Qw—\,fl,Ez))



19 Proof of M3 = C[X1, X2, Y2, X7]/R14 S. Mayer

Let ¢ = 0 be a polynomial, g (\Ul,Qw—uj*l,EQ,\Ulg,) = 0.
Define r := ¢(0, -, -, -).
If » =0 investigate ¢q(X1, Xo, X3, X4)/X; instead of g.

Else r <778,g2,7716g3) = 0, so all elliptic relations are induced by

(n*Cg3)% — (n®)*g5 =0
A comparison of fourier expansions concludes the argument.
[]



20 M = ClX:, X2, X5,Y2, Xo]/ (R3, Ro) (M.) S. Mayer

Theorem. M17 = C[X1, X5, X3,Y3,X9]/ (R3, Rg), where
2 2 2 3

X1 =WV, Xo=FE Xz=-W, Yz=mny Xg9g=W;i7
2 2 2 3
R3: n3—64W3=16W3iFE, and
Rg: W%, —W3E3 +216W3n, = —256w18
2671 103
—176Witwopn, — = —\U4E2\U
o 1 2772994096 s + 138 5Wono
102 r 2
— VY E ——\U E-W —\I! E
T 1 1l P2 5gVieVom + 158 215
f Wi | By | —Wo | /8| Wiy
fop Cl) g2 7736 n36 776993
welght.of Il 5 2 % > g
multiplier p | p17 | 1 | p37 | p17 | py7




21 Problems (Q(v/17)) S. Mayer

Problem 1: p;7 has order 8 and holds M%lg_(g)z) = 1, so
we need two lifts of n®. If u # 1, there is v € o s.t. u(T)) =

u(((l) g)) + 1. Then f(T,7) = u(T)) f(r) # f(r) holds as  and
T,7 tend to co. Thus f and f o are cusp forms and n°|f o o.

Problem 2: For M?® and M3, every symmetric HMF ft of
odd weight k£ is divisible by W,. Here:

(@) = 1H(DT) = p(D) N D ()
= D) fT(r), (T = (r2m1)

for € De,. Because of M%(D) — 1, this property only depends
on plgy (2.z)- Ve obtain:

Every symmetric HMF f for which foe is a multiple of g3 but
not of g2, is divisible by Wy7.



22 M13(1) S. Mayer

2
Corollary. We write X4 = Ef, X¢ = W}, Xg = Wiz, Xi0 = W <2w ) :

3
X5 = (2"\’;) . X16 = W1Wi3 and Xis = 2“\’;1\I!13 and define the relations

Ris: Xi10Xs = X12X56,
Roo: Xig= X12Xs,
Ros 0 X16Xg = XeXis,

1 41 1459
R3s: Xig= X{,X2 —1728X3, — 108X3X¢2 + —X82X2 + —X12X§X2 - 1—6X§2X62
495 o7 27 1 189
Then
M = C[Xa4, X6, X5, X10, X12, X16, X18] / (R1s, Roo, Ro4, R36) -
X4 X1s X12 X10 X16 Xsg X6
| w w, \> ‘ 2 W 3
f By | oy Vs (2w41> Wi (Qw ) Wiz | Wisy | W3
fod E4 AN D JAN 0 0 0 0
weight of f 4 18 12 10 16 8 6




23 M'7(1) S. Mayer

Corollary. We write

Xo=FEf, X3=—-W3n/8, Xo=VW3aWi,1m5/8, Xs=-—-WiWV3 Xg= WiWsW,7,

X4 = —W3W5n5/8, X;=W2W171m/8, Yz= WiV, Xg= W3V, Y5=W!n,/8,
and define the relations

Ro: X4Xs= X3Xs, Rio: YaXe= X5Xq,
Ri1: YsXe = X3X;, Ri2: XaXsg= Xs5Xv,
1o XeYs = Xs5X7, Riz: XeX7= XoXa,
Ria: XsXo9 = XgXsg,
2671

2671 5 n 87
—2671X2X2 + TX2X3X4X5 103X3X7Xe — 1—6X2 X4Y2Xe

99 99 1387
T XoXa X2+ T X2X2X T XoX4
‘I‘ 128 2NA4 N ¢g ‘I‘ 512 234 6+ > 2439 -

Then
Ml?(l) — C[X27 X37 X4a Y47 X57 Y57 X67 Y67 X77 X87 X9]/(R9a RlO, Rlla Rl?? R/]_27 R137 R147 R18)



Generators for M17(1)

24
X5 X6 X X5 Xs

7 EY [ —W3ny/8 | W2Wi7mp/8 || —Ww W3 | W W3w,,
j = zero order on D || O 0 0 1 1
f/Wiod Eq A AFEg n'8 n'8Fe
weight of f 2 6 9 5 8

X4 X? X3 Y6 Y5 Y4
f —WiWonp/8 | WiWirme/8 | —WiWs | WiV, | Winp/8 | WE
j 2 2 3 3 4 3
f/Wi06 ' n'?Ee n° n°Fe n° 1
weight of f 4 7 3 6 5 4




