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2 Overview S. Mayer

1.) Introduction and Notation

2.) Constructing Hilbert modular forms for biquadratic num-
ber fields

3.) Restriction of Hilbert modular forms



Number fields

S. Mayer

Algebraic number field K = Q(«aq,. ..

Ring of integers oy, of I,

Field automorphisms pq : a — a(1), ...

p1 = id,

Norm N(A) = II7L, A0 e,

Trace S(A) =7, AG),

7an)1 (Ck] E@)!

,Pm . a a(m) with

(A e )

(A e K)



Hilbert Modular group S. Mayer

o [ =SL(2,0) operates on H" = {z € C; Im(z) > 0}'" by
(a(l)Tl + p(1) almr, . + b(m))
VT = :

Dy 4+ d1)7 77 e(m)r,, 4 dim)

where v = (CCL g) el and 7 = (7j)1<j<m € H™.

e General principle for Hilbert modular forms: The k-th field
automotphism and the k-th upper half plane in H™ belong
together.

e This motivates S(Ar) = Z;”zl )\<j)7'j and

N(er + d)F := T[ (W7 + dVU))k, (zF = exp(kIn 2))
j=1



5 Hilbert Modular Form S. Mayer

Definition (Hilbert Modular Form). A Hilbert modular form
(HMF) f of weight k£ € Q with multiplier system (m.s.) p: N —
C* is a holomorphic function H™ — C satisfying

fOr) =u()N(er +d)ff(r)  vreH™ y=(2})er.
We denote the corresponding vector space by M. (IC, ).
Remark. We will only consider ,, symmetric*“ multiplier systems
w, €.9. u holding
p(pi(M)) = p(M)

forall M € " and 1 < j < m, where p;(M) is the matrix derived
from M be elementwise application of the field automorphims
pj- Denote the space of HMF with multiplier system u by
M((IC, ) and write M(K) = UMK, p1)..



6 Eisenstein Series S. Mayer

Definition (Eisenstein series). Let k£ € N even and define the
kth Eisenstein series E; : H™ — C by

Ep(r) = > N(er+d)™,
MeT oo\l
_(ab
v=(e )
where oo denotes the subgroup of M fixing co = (oo,...,0).

E}. is a symmetric modular form (invariant under permutations
of 7= (Tr(1)s -+ Tr(m))), SiNCe N is invariant under the field
automorphisms p;.



7 Eisenstein Series after Siegel S. Mayer

Lemma (Siegel, 1969). Let k € N even, then the k" Eisen-
stein series E, : H™ — C holds
(27i)k 1

Br(r) =1+ AF 3 g ()T S
o (k+ D 2 g

where d is the fundamental ideal (in case of Q(v/5,v/13) this
is (v/65)), d is the discriminant,

C(o, k) = > N(u~") and
principal ideals (u)
op—1(v) = > sign(N(a®)) N((a)2)**
principal ideals «,
o H()|v
Trick: z — Er(z,...,z) is an elliptic modular form of weight
2mi)k L

4k, so we can calculate

C(O,k)(k+1>!d__k indirectly.



3 When do we have p € oy, .7 S. Mayer

Test on integers: Given a = a1 + asv5 + a3v13 4+ asV65 €
/C5,13 L= @(\/g, \/ﬁ), the multiplication /C5’13 — /C5,13, r
a-x is a Q-linear map with characteristical polynomial xo(x) =
z? -+ clzc3 -+ CQ.CUQ + c3x + c4, Where

c1 =169oz§1 + 42250421 — 130&%&% — 1004%043 — 65004204% — 2604%04%
— 13004%04% — 169004%042 + 5201 gz + 25043' + ai’

Co =26Ooz§foz1 + 5204%041 —+ 2004104% — 404:1)’ — 5204309

¢3 = — 2605 — 13002 — 1003 + 607,

cqa = — 4a1.

We have a € 0 & xao(xz) € Z[x]. Therefore

1+2\/§Z_|_1+2\/EZ_|_1+\/§+Z/E+\/§Z

0Ks.13 =24+



) Theta Series S. Mayer

Definition (©-series). Define the Siegel halfspace

Hm :={Z =X +iY € Mn(C); Z=2ZY > 0}.

For k = (K, k") € {0,1}mT™ with (K)'K" € 2Z and all Z € Hm
define

e Quadratic case: 10 non-identically vanishing theta-series.

e Biquadratic case: 136 non-vanishing theta-series.



10 Modular Embedding - quadratic case S. Mayer

Theorem and Definition (Hammond). Write p = u? + v2
(for = 1 (mod 4)) where v is even, u,v € Z and define w :=

2(u+ /p). Then

2 71 O
e : H® — Ho, T|—>Ap-<0 7_2>'Ap7

(e
W)

induces a map between modular forms. (A;l = AZEr = Ap)

with

Remark. One easily checks that the images of theta products
are symmetric.



11 Modular Embedding for Q(1/5,v13) S. Mayer

Lemma. In the case of K5 13 the map

71

e:H* »Hyq, 7T+ As® Ar3- 2 s - As ® A1z,

T4
induces a map between modular forms.

Notation Write

g1 = exp(mi(ty + 2 + 13+ 73)/2),

go = exp(mi(ry — 2+ 73 — 74) /(2V/5)),

g3 = exp(mi(ry + 7 — 13 — 74)/(2V/13)) and
ga = exp(wi(ry — 12 — 73 + 74)/(2V65)).



12 Examples S. Mayer

Example. T heta series:

9%2 4 12 12 93' 94112 4
(©(0,0,0,0),(0,0,0,0) °)(T) =142 <—4 5 +9593°95° + 55+ 715 12) 91
9294 93794 d9->93

—56 —16 16 —16 —24 4 16 1
+ (293° + 292 °° + 29593 %95 *° + 29, ° +29393°9;°
— —8 —-16_1 —24 —48 —16 24 —48
+2g48+292 93 6—|—292 9397 %° +295°95% 9, %% + 245
—8 —16 —16 24 4
+295°93%92, 7% + 295 1%93%92%)s?  +  O(41)

Example. Eisenstein series:

g2 g3 g4
E> =14 12097 (— + 909394 + + ) + 0(g?)
g394 g24g4 42433



13 Biquadratic number fields and subfields S. Mayer

Q(v/p, va)

— T
Qlvp)  Qva)  QG/p9)

\Q/

For p and q in Z>5, p # q, write Kp ¢ = Q(/p, v/q). Enumerate
the field automorphisms P; in the following way:

sign(p1) sign(p2) sign(pz) sign(ps)
Vb |+ — + —
Vi | o+ + — —
vpa| + — - +




14 Restriction of Hilbert Modular Forms S. Mayer

Lemma. Let f : H* — C be a HMF of weight k € Q with
multiplier system p for Ky q. Then the functions

fl : H2 — Cvfl(T) — f(7_177-277-177_2)
fo i H? — C, fo(r) = f(r1,71,72,72)
f3 :H? — C, f3(r) = f(r1,72,72,71)

are Hilbert modular forms of weight 2k, more precisely

f1 is a HMF for Q(,/p) with multiplier system u|5,_(270\/23),
fo is a HMF for Q(,/q) with multiplier system u|5,_(270\@) and

f3 is a HMF for Q(\/pq) with multiplier system “|SL(2,0\/p—q)'



15 Fourier expansions S. Mayer

Lemma. If f € M(Kyp,q) is a HMF for Kp 4 with Fourier expan-
sion

() =3 c(a)eS(@), (L=1=a e \p7 tog,,)

(87
then the Fourier expansions of f1, fo and f3 are given by

A=Y X ),

& a1+33=ﬁ1
aztag=02

LEO=X( Y ),
b 041+O?2=51
az+ags=p2

=3 X @)
& a1+34=[31
ax+az=p0F>

Additionally f1(o0,00) = f2(0c0,00) = f3(00,00) = f (00,00, 00,00).



16 M(Ks) = C[X>, X5, X6, X15]/R30 S. Mayer

Remark. M (KCp) is the ring of all HMFs with symmetric mul-
tiplier systems p . T — C*:

MP = 25 e u (@) =p(ary M (1)

Theorem (Gundlach, Resnikoff, ...).
M(K:5) — M(IC57 1) — <C[)(27 X5, X6, X15]/R3Or where

Xo=Fp, Xsg=W;, Xg=2~FEs Xi15=W5and

67 42 67 4
Rag: W2-— <—E6——E§)( (ES’—E6>> =w3(...)

25 25 43200
/ Eo | Wy | eg = %]526 — %Eg “;5
fop g2 | O 93 A<g3
weight of f || 2 5 6 15

(The W, are Borcherds products as well as theta series.



17 M(K13) = C[X1, X2,Y2, X7]/R14 S. Mayer

Theorem (M.). M(Kq13) = (C[\Ul,$—‘1*,E2, WV13]/R14, Where

€

X1 =V, Xo=gi Yo=EFy X7=Wi3and

v, \* w3 27

Rig: Wiz — E3 —2°3° (— ) | = -108W Wy — —Wi°E)

14 713 <2w1> 2 oW, 1 72791 72
495 1459 41 (w)“

+ —Wiwip, - ——wiwl + —WhWLE, — 512W8
8 16 8 1

1 97 1 W, \° 189
+1—6w‘1‘E§ — Tw‘l‘ngg — §w§w§E§ — 144W7 (2\1/41) E> + ?wfngQ .

Vg
LTy el o
fow 0 n g2 | N g3
weight of f || 1 2 2 7
multiplier u || p13 | 13 | 1 M%3




18 M(Kq3,1) S. Mayer

2
Corollary. We write X4 = Ef, X¢ = W}, Xg = Wiz, Xi0 = W <2w ) :

3
X5 = (2"\’;) . X16 = W1Wi3 and Xis = 2“\’;1\I!13 and define the relations

Ris: Xi10Xs = X12X56,
Roo: Xig= X12Xs,
Ros 0 X16Xg = XeXis,

1 41 1459
R3s: Xig= X{,X2 —1728X3, — 108X3X¢2 + —X82X2 + —X12X§X2 - 1—6X§2X62
495 o7 27 1 189
Then
M(K13,1) = C[X4, X6, X5, X10, X12, X16, X18] / (R1s, R20, R24, R36) .
X4 X1s X12 X10 X16 Xsg X6
| w w, \° ‘ 2 W 3
f By | oy Vs (2w41> Wi (Qw ) Wiz | Wisy | W3
fod E4 AN D JAN 0 0 0 0
weight of f 4 18 12 10 16 8 6




19 symmetric HMFs of even weight for g S. Mayer

Theorem (Hermann,1983). The Ring of HMFs of even weight
for Kes Iis given by

(C[A27 AAQ? BQ? BQ; A47 AA47 B47 A67 A\G] / (R17 I R?)



20 Conclusion S. Mayer

e Eisenstein series and theta series can be calculated.

e Restrictions to 3 different spaces of HMFs for quadratic
number fields are known, so it remains to classify the space
of HMFs vanishing on these three sets.

e Perhaps this suffices to calculate the ring of symmetric
HMFs for /C5,13.



21

S. Mayer

Thank you very much for your Attention



